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Abstract. In this paper we obtain skew-product representations of the multidimensional Dunkl processes which 
generalize the skew-product decomposition in dimension 1 obtained in L. Gallardo and M. Yor. Some remarkable 
properties of the Dunkl martingales. Seminaire de Probabilites XXXIX, 2006. We also study the radial part of the 
Dunkl process, i.e. the projection of the Dunkl process on a Weyl chamber. 

Resume. Dans cet article nous obtenons des produits semi-directs des processus de Dunkl multidimensionnels qui 
generalisent ceux obtenus en dimension 1 dans L. Gallardo and M. Yor. Some remarkable properties of the Dunkl 
martingales. In Seminaire de Probabilites XXXIX, 2006. Nous etudions les processus de Dunkl radiaux qui sont les 
projections des processus de Dunkl sur une chambre de Weyl. 
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1. Introduction 

The study of the multidimensional Dunkl processes was originated in [18] and [20]. They were studied further 
in [7, 8, 9, 10]. These processes share some important properties with Brownian motion: for example, they 
arc martingales and enjoy the chaotic representation property as well as the time-inversion property. To a 
Dunkl process we can associate two processes: its Euclidean norm and its radial part. The Euclidean norm 
of the Dunkl process is in fact a Bessel process and its radial part is a continuous Markov process taking 
values in a Weyl chamber C. Note that a particular case of the radial part process - Brownian motion in a 
Weyl chamber - is studied in [2]. 

It is well known that Brownian motion (and more generally any rotational invariant diffusion) can be 
decomposed as the skew-product of a certain radial process and a time-changed spherical Brownian motion 
(see [6, 17]). In general, the following question can be raised: suppose given a group G acting (not necessarily 
transitively) on R" and a Markov process on M" , "invariant" by the action of G. Docs this lead to a certain 
skew-product decomposition of the Markov process? In this paper we answer this question in the case of the 
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Dunkl processes and the group W - the group of symmetries of K". We also study X - the radial part of 
the Dunkl process noting some analogies between X^ and Bessel processes. 

The paper is organized as follows. In Section 2 we introduce some notations about martingale problems 
and extended infinitesimal generators for Markov processes. In Section 3 we give the definition of the Dunkl 
process and its radial part. We also present the invariance property of the Dunkl process under the action 
of the group 0(M"). 

Section 4 contains the study of the radial part of the Dunkl process. We give the condition on the 
parameters of X^ which guarantees that it does not hit the walls of a Weyl chamber C. This is done 
by applying a famous argument due to McKean (see Problem 7, p. 47 in [16]). As a part of the proof 
we find harmonic functions for X^ which are analogs of harmonic functions for Bessel processes, i.e. the 
adequate power or logarithm function. Under the condition that X^ does not hit the walls of C it can 
be characterized as the unique solution of a stochastic integral equation or as the unique solution of the 
corresponding martingale problem (if X^ hits the walls of C it can still be characterized as a unique solution 
of the stochastic integral equation up to Tq ~ the first time it hits the walls of C). 

In Section 5 we generalize the skew-product decomposition given in [10] to multidimensional Dunkl 
processes. From [9] it is known that the Dunkl process can jump only in the directions given by the roots 
of an associated root system. In Theorem 19 we construct the Dunkl process from its radial part by adding 
the jumps in these directions one by one. In order to add the jumps we do the time-change then add jumps 
in the fixed direction and then do the inverse time-change. In order to add the jumps in a fixed direction we 
use the perturbation of generators technique from [5] . We also see that under a certain invariance condition 
for the extended infinitesimal generator this perturbation is given by a skew-product with a Poisson process. 
From Lemma 18 and Theorem 19 we obtain that the Dunkl process can be characterized as the unique 
solution of a martingale problem. Note a similar result from [20] , which is recalled in Theorem 4. Our result 
holds for a more general class of processes - the two-parameter Dunkl processes (see [10] in dimension 1, [7] 
and [15]), but we need to impose the condition which guarantees that the radial part of the Dunkl process 
does not hit the wall of C. 

2. Notations 

We will constantly use martingale problems. Therefore, we need to recall here some definitions from [5] 
which will be used later. 

Let {S, d) be a metric space and [0, oo) (Cs [0, oo)) the space of right continuous (continuous) functions 
from [0,oo) into {S,d) having left Hmits. 'P{S) denotes the set of Borel probability measures on S. For any 
X ^ S, 5x denotes the element of 7^(5*) with unit mass at x. Let L be the space of all measurable functions on 
S". ^ is a linear mapping whose domain 2?(vA) is a subspace of L and whose range 'R.{A) lies in L. Typically 
T>{A) will be C^(5') - the space of infinitely differentiable functions on S with compact support. 

Let X be a measurable stochastic process with values in S defined on some probability space {f2,J-,P). 
For v g V{S) we say that X is a solution of the D5[0,oo) martingale problem {A,i^) if X is a process with 
sample paths in D5[0, oo), V(Xq E ■) = i^(-)j and for any u G 'D{A) 



is an (J^/*- )-martingale, where J-^ :— J-{Xs, s < t}, where in this paper J-{Xs, s < t} indicates the sigma- 
ficld generated by variables Xg, s <t. Let U be an open set of S and X be a process with sample paths in 
D5[0,oo). Define the (jFj"^)-stopping time 

T := mf{t > 0\Xt OT Xt„ ^ U}. 

Then X is a solution of the stopped D5[0,oo) martingale problem (^, i^, [/) if P{Xo G •) = i^i'), X. = X./\r 
a.s., and for any u & ^{A) 




ptAT 

u{Xt)-u{Xo)- / Au{Xs)ds 
Jo 
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is an (J^/'^)-martingalc. If there exists a unique solution of a (stopped) martingale problem we will say that 
the (stopped) martingale problem is well-posed. 

In what follows it will be convenient to work with the extended infinitesimal generator (see [14, 21], VII). 
We recall here the definition from ([21], VII). 

If X is a Markov process with respect to (J-t), a Borel function / is said to belong to the domain Da 
of the extended infinitesimal generator (or extended generator) if there exists a Borel function g such that, 
a.s., /q |g(Xs)| ds < +oo for every t, and 

f(Xt)-f{Xo)- fg{Xs)ds 
Jo 

is a (J-t, Pa:)-right-continuous martingale for every x. 



3. Preliminaries 



Let X ■ y denote the usual scalar product for x and y on M". For any a E IR"\{0}, CTq, denotes the reflection 
with respect to the hyperplane Ha C K." orthogonal to a. For any x G M", it is given by 

aa(x) ~ X — 2 a. 

a ■ a 

For our purposes we need the following definition (see, for example, [19]): 

Definition 1. Let i?cM"\{0} he a finite set. Then R is called a (restricted) root system, if 

1. Rr\Ra = {±a} for all ae R; 

2. aa (R) ^ R for all ae R. 

The subgroup W C 0(K") which is generated by the reflections {aa \ a G R} is called the Weyl reflection 
group associated with R. 

One can prove that for any root system R in R" , the reflection group W is finite and the set of reflections 
contained in W is exactly {(Tq,Q! G R] (see [19]). 

Example 2 (Root system of type An-i). Let ei, . . . ,e„ be the standard basis vectors o/M", then 

R^{±{e,-ej),l<i<j<n} 
is a root system in M". 

Example 3 (Root system of type Bn). R = {ie^, 1 <i <n, ±(ei ± ej), 1 <i < j <n} is a root system 
on M". 



Without loss of generality we will suppose that if i? is a root system in R" then for any a G R, a • a = 2, 
so that for any x £ R" 

aa{x) ~ X — {a ■ x)a. (1) 

For any given root system R take f3 G R"\ [JaeR then i?+ = {a G i? | a • /? > 0} is its positive subsystem. 
For any a€ R either a G R+ or —a G i?^-. Of course the choice of i?+ is not unique. 

From [8, 20] the Dunkl processes X^'^^ are a family of cadlag Markov processes with extended generators 
Ck where, for any u G C^^(M" ), CkU is given by 

Cku{x) = -Au{x) + ^ k{a) 



\Iu{x) 



u{x) — u{(7aX) 

{x ■ of 



(2) 
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where A: is a nonnegative multiplicity function invariant by the finite reflection group W associated with _R, 
i.e. k: [0, +00) and kow = k, for any w € W. It is simple to see that Ck docs not depend on the choice 
of In what follows suppose that Xq € M"\lJ^g^-ffQ a.s. 

The semi-group densities of the Dunkl process with the generator (2) are given by 



where Dk{u,v) > is the Dunkl kernel (for the properties of the Dunkl kernel see [19]), 7 :~ J2aeR+ ^(o^)) 

^fc(y)-naefl+l«-yl''^"^ and Cfc = /„„e-l-lVV(a:)dx (see [18]). 
We will need the following result from [20]. 

Theorem 4. Let {Pt)t>o be the semigroup of the Dunkl process given by its density (3) and let Ck be given 
by (2). Let {Xt)t>o be a cadldg process on R" such that its Euclidean norm process (\\Xt\\)t>o on [0,+oo[ is 
continuous. Then the following statements are equivalent. 

1. {Xt)t>o is the Dunkl process associated with the semigroup {Pt)t>o- 

2. For any f eC^{M.") 



(M/),>o (^f{Xt) - f(Xo) - J*Ckf{Xs) 



ds 



t>o 



is a local martingale. 
3. For any f £ C|.(IR"), (M/)t>o is a martingale. 

Consider now a fixed Weyl chamber C of the root-system R which is a connected component of 
E"\ UaeH Ha ■ The space M"/ W of ly-orbits in R" can be identified to C, i.e. there exists a homeomorphism 
(j) : W' /W — > C. Denote X^ := 7r(X('^'') - a radial part of the Dunkl process (or a radial Dunkl process), where 

TT O TTl (4) 

and TTi :M" M.^'-fW denotes the canonical projection. From [8], X^ is a Markov process with extended 
generator 

£fu{x) = -Au{x)+ fc(«) . 5 

2 ^ — ' X ■ a 

for any u S Cq(C), such that Vm(x) • a = for x E Ha, a E The semigroup densities of X^ are of the 
form 

|2 



Pt ^^'^)= efc^7+«/2 ^^P(^ 2t ) " [vt'Vt) ^'2^eC, (6) 



where 



D^{u,v)=y^Dk{u,wv). (7) 



From [20] the Dunkl process {Xt)t>o is a Feller process and its Euclidean norm (||Xt||)t>o is a Bessel 
process of index 7 + n/2 — 1. It is easy to see that {X^)t>o defined above is also a Feller process. 

In order to state the next result, we denote the trajectory of the Dunkl process starting at a; by 

(k R x)\ 

(X( ' ' )t>Q. The following proposition is an analog for the Dunkl-Markov processes of the rotational 
invariance property of the Brownian motion in M". 
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Proposition 5. Let {Xf'''^'^^)t>o^xe'R" be the Dunkl process, 0(M") - the orthogonal group o/R". Then 
for anyeeO{W) 

where kg : OR 3 k{*9a), *9 is the transpose of 6, OR = {Oa, a G R\ . 

Proof. It will be convenient to denote the extended generator of (^t'^'^''^'')t>o,xeR" given by (2). By 
Theorem 4 it is enough to prove that for any u S C^(R") and x £ M" 

clfuiex)^c§iuoe)ix). 

From (1) one has 

(u o 9)(aa{x)) ~ u{6x — (a ■ x)9a) = u{6x — {9a ■ 9x)9a) = u^UQaiSx)) 

and 

V(u o 9){x) ■ a = C9yu{9x)) ■ a = Vm(6Ix) • 9a. 

Then 



C'^{uo9){x) = \/^u{9x)+ J2 



2 , , , .4a) 



Vu{9x)-9a u{9x) ~ u{aga{9x)) 



9x ■ 9a {9x ■ 9aY 

= Ci^u{9x). □ 

4. Study of the Markov process 

Consider the Weyl chamber C = {x e R" | x • a > 0, a e R+} ■ We now study the radial part of the Dunkl 
process, i.e. the Markov process {X^)t>{) with extended generator given by (5). {X^)t>i) is a continuous 
Feller process with its values in C. 
Denote 

M^)^ n ("■^)'^"^ (8) 

then for any u € Cg(C), such that Vu(x) • a = for a; € Ha, a £ R+, and x £C 

£'^u{x) = -Auix)+ Ha) 

2 '-^ x ■ a 

= ^Au{x) + \7u{x) ■ \7\ogLUk{x). 

The following proposition gives a condition on the function k:R^ M.^ in the definition of the extended 
generator (5), which ensures that the process , such that X^ £ C a.s., never touches dC. 

Proposition 6. Let X^ be the radial Dunkl process, X^ £ C a.s., with extended generator given by (5). 
Suppose that for any a £ R, k{a) > i. Define 

To:=inf{t>0\X^ £dC}, (9) 

then 

Tq ~ +00 a.s. 
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Remark 7. Suppose that for any a £ R, k{a) > i. From Proposition 6 Px{Tq ~ +oo) ~ 1, where denotes 
the law of started at x G C . Let y £ dC . For any e > 0, using (6), one obtains that Py{X^ G iJ^ nC) = 0. 
Since dCciUo.eRHc.)nC 

Py{xYeC)^l. 

Hence, by the same argument as in ([13], p. 162), 

Py{xY eCye<t< +oo) = Ey{Pxiv{xY e C,VO < t < +oo)) = 1, 
where expectation Ey is computed under the law Py . Letting £ — > one obtains 

Py{T0^+(X) = l. 

Hence Proposition 6 is true if X^ g dC . 

In order to prove this proposition we need the foUowing two lemmas. 
Lemma 8. For x gC define 

S{x) := Yl (10) 

then S is harmonic in C for given by (5), i.e. C^S{x) = for any x G C . 

Remark 9. It is important in the following proof that the function k in the definition of is constant on 
the orbits of R under the action of the associated Weyl group. 

Proof of Lemma 8. For i = 1, . . . , m let i?* be the orbits of R under the action of the associated Weyl 
group W. Denote i?"^ = i?' n Then for any {ii, . . . , i;} C {1, . . . , to} 

i?+ i?!^ u • • • u i?!^ 

is also a positive subsystem of the root system R — R^^ U • • • U R^' in R" (the two conditions in Definition 1 
for R are easily verified) . Without loss of generality it is enough to consider the irreducible case and in that 
case there are at most two orbits. Hence, it is enough to prove the lemma for m = 2. Denote 

7ri(x) = n (a • x). 

Since k: R^ R+ is constant on R]^ define 
ki := k{a), a G R\, 

then 
and 

5{x)^7:\-^^^{x)7:l-^^-{x). 

We want to prove that CY 5{x) = for any x gC . From Theorem 4.2.6 in ([4], p. 140), for any root system 
R, if 7r(x) ^ Y{aeR+ (" ' 2;) , then 

A7r(2:) = 0. 
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Note that 

ATfi-^fc + 2(V7ri-2fe . viogTr'^) = 0. 
Indeed 

Att^-^'^ = V • VttI-^'^ = V • ((1 - 2fc)7r-2'=V7r) 

= (1 - 2k)[-2kT:-^''-\Vn ■ Vtt) + tt^^'^Att] 

On the other hand 

2{Vt:^-^''- • VlogTr'^) = 2fc(l - 2fc)7r-2''^^i(V7r • Vtt) 

and the resuh (11) follows. 
Denote 

l-2fci 
IT :— TTi 

and 

We need to check that 

A = A(7rii-2A;i^i-2fc2) _^ 2(V(7rii-2''i7r^"2fe2) . y iog(^fci^fc2)) ^ q 

or 

A(7f7ri-2'=^) + 2(V(^^i-2;c.) . y j^g^^^^.,)) ^ q 
One has 

and 

V(7f7r^"2''^) • Vlog(7r7r^^) = (TfVTr^"^''^ + Tr^^^fesy^) . ( y log tt^^ + V log ^) 

= (7fV7r2^"^'=^ • VlogTT^') + {ttWtt^-^''' • VlogTr) 

+ ((^2""'^' Vtt) • Vlog4'^) + ((^2""""^^) 'VlogTr), 

then 

A = TT^-'^''-^ An + 27r2"^''"(V7f • VlogTr) +7fA(7r2"^''^") + 2TT{VTrl'^''^ • VlogTTa") 
+ 2(V^ • Vtt^-^''') + 2((W7r^-2'=^) - VlogTr) + 2((^2'""'' V^) • VlogTr^^). 

But 

Att + 2(V7f- VlogTr) =0 

and 

A(Tr^-2^^) + 2(VTr^-2fc2 . y iog^fe2) ^ 
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hence 

A = 2(V7f • WttI~'^''') + 2((7fV7r^~^'''') • VlogTr) + 2((7r2^-2'^=^ Vtt) • VlogTr^^) 

= 27f7r^^2''^^[(Vlog7f • VlogTT^-^''^^) + (Vlog7r^-2fc2 . yiogTr) + (VlogTf • VlogTr^^)]. 

But one has 

(VlogTf • Vlog7r2^-^''=^) ^ (VlogTTi^^^'^i • VlogTr^^^*-'^) = (1 - 2fci)(l - 2/^2) (V log tti • Vlog 

(Vlog7r^-2fc2 .yiog^)^fc^(l_2fc2)(Vlog7ri -Vlog^s), 
( V log 7f • V log 7r2^ ) = A:2 (1 - 2fci ) (V log tti • V log 7:2 ) 

and 

(VlogTTi • Vlog7r2) = — - — (Vtti • V7r2) 
7ri7r2 

= — (A(7ri7r2) - TTi A7r2 - 7r2A7ri) = 0. 
27ri7r2 

Hence A = and the lemma is proven. 

In the same way one can prove the following lemma. 
Lemma 10. For x gC define 

Six):^ n (a-xji-^'^Mlog Yl (a-x), 

Qei?+,fc(Q)/l/2 QGfl+,fc(a) = l/2 

then 6 is harmonic in C for givsn by (5). 

Proof. Suppose that k{a) = j for any a<G R then for any u S C^(C), a; G C 

'Cv2"(a;) = ^(Aw(2:) + {Vu{x) • Vlog7r(a:))), 
where 7r(a;) = nc<6-R+ {(^ ' Then 

Alog7r(a;) = ^{Vtt{x) ■ Vtt{x)) + ^— A7r(x-) = 5^(V7r(x) • V7r(a;)) 

and 

Alog7r(a::) + (Vlog7r(.T) • Vlog7r(a;)) = 0. 
Denote 

7fi:= n («-)^-^'=^"^= n 

QGi?,+ ,fc(a)5!^l/2 l<i<m,fci5!^l/2 

7ri:= n («-^f^"^= n 

aefl+,fc(a)#l/2 l<i<m,fci5!^l/2 

7^2:= log J]^ (a -a;), 

aei?.+ , fe(Q) = l/2 

7r2:= n ("■-)'^'' 

aei?+,fc(a) = l/2 
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then LOk = 7ri7r2 and 5 = 1^11^2- In order to prove Lemma 10 one needs to check that 

A(7fl7f2) + 2(V(7fl7f2) • Vl0g(7ri7T2)) = 0, 

but it is equal to 

7f2 [Atti + 2(V7fi • V log(7ri))] + tti [Avfa + 2(V7f2 • V log(^2))] 

+ 2(V7fl • V7f2) + 27f2(V7fl • Vl0g7r2) + 27fl(V7f2 • Vlog^i) 

and in the same way as in the proof of Lemma 8 one can see that it is equal to zero. □ 

Using Lemmas 8 and 10 one obtains the following result, which will lead to a presentation of (see 
Corollaries 13 and 14). 

Lemma 11. Let xAk be defined by (8) and k{a) > \ for any a £ R. Suppose that Xq E C a.s., then there 
exists a unique solution X of the stochastic integral equation 

Xt=Xo+(3t+ f W\ogdk{Xs)ds, (13) 
Jo 

where {/3t)t>o is a Brownian motion on R". Furthermore P(Vf > 0,X4 G C) = 1. 

Proof. We will follow the proof of the similar argument given in ([1] Lemma 3.2). Since the function 
Vlogdfc G C°°(C) Eq. (13) has a unique (strong) maximal solution in C, defined up to time C, where C is 
an explosion time or the exit time from C . 

Case 1 {k{a) ^ ^ for any a€ R). From Lemma 8 the function 5 defined by (10) is harmonic and positive 
on C. By Ito's formula one deduces that {5{Xt)^t < ^} is a positive local martingale, thus it converges a.s. 
when t^(. But S = +oo on dC, therefore \\Xt\\ +oo when t^(. On the other hand by Ito's formula for 

t<C 

\\Xt\\^ = \\Xo\\^ + 2 [ (X,-d/3,) + 2 / jds + tn 
Jo Jo 
ft 

|2 



= \\X„\\' + 2 / ||X,|ld/3, + t(n + 27), 







where 7 — '^aGR+ k{a) and /3t = /g \\Xs\\ ^{Xg ■ d(3s), t < C is a real-valued Brownian motion up to time 
This shows that ||Xt|p is the square of a (n + 27)-dimensional Bessel process up to time ( (started at 
j|Xoj|^ > a.s.). Since IjXtH^ +00, by standard results (see [21], XI. 1) ( = +00 a.s. This implies that 
To = +00 a.s., where Tq is defined by (9). 

Case 2 (There exists a£ R such that k{a) ~ ^). From Lemma 10 and Ito's formula, {6{Xt),t < C} is a 
continuous local martingale. Let At := {5{X), S{X))t for t < ( and Tt := mi{s >0\As^t}, then by Theorem 
1.7 in ([21], Chapter V) Bt = S(Xrt) — ^(^0) will be a real- valued Brownian motion up to time A^. If C < +00 
we have already seen that cannot tend to +00. Hence, if t — * C, either S{Xt) tends to -l-oo or to —00. 

Therefore, either Bt tends to +00 or to —00, when t — > A(;, but that is impossible for Brownian motion, 
either because Ai^ < +00, or because A(^ — +00 and Bt>0 {Bt < 0) infinitely often when t +00. □ 



Proof of Proposition 6. Let 



a; • a > — ,Q! e i?, < m (14) 
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Take g,n e C°°(R") such that = logt^fc on C„+i and = on R"\C™+2. For any u G C|^(R"), define 
-Cm by 

C,nu{x) = -Au(a;) + {yu{x) ■ Vgm{x)). 

Let (Xj'^)t>o be the radial part of the Dunkl process and Tm '■= inf{s > | ^ C,„}. For any / G 
C|^(R") there exists fGC^iC) such that / = / on C^+i. Then from (5) 

i't/\f,„ I'tAfm 

f{xZf^ ) j{x^) / /:r/(^]^) d.'^ = )-f{x^)- ) (15) 

Jo Jo 

is a martingale. 

Let X be the solution of (13) such that 

¥{X,^-)^nx^ (16) 
for V G ViC). Let r„j := inf{s > | Xg ^ C„i}. Then from Lemma 11 one deduces that 

Tm +00 a.s. (17) 

Furthermore from (13) and Ito's formula one deduces that 

f(Xt^rJ - fiXo) - / CmfiXs)ds (18) 
Jo 

is a martingale for / G C^(R"). 

By Theorem 3.3 in ([5], p. 379) for any iy£ ViW) the Dm™[0,oo) martingale problem {C„^,v) is well 
posed. Then by Theorem 6.1 in ([5], p. 216) for each i' G 7'(R") the stopped DRn[0,oo) martingale problem 
(£„,;/, Cm) is well-posed. But from (15), (18) and (16) X^^^ and X ./\T=^ are solutions of (£,„, ly, Cm)- Hence 

(-'^tAf„)t>0 (^*Af„)t>o (19) 

and P(fm < t) = P(f,„ < t), for any t>0. Hence from (17) 

Tm. +00 a.s. 
and passing to the limit as m ^ oo in (19) one obtains that 

ix^)t>o ix:t)t>Q 

and 

To = +00 a.s., 

where To is defined by (9). □ 

Since X^ = ^{Xt), where Xf is the Dunkl process one obtains 

Corollary 12. Let {Xt)t>o be the Dunkl process, such that Xq G IR^"\UQe/i;^ ^•■s-j with extended gener- 
ator given by (2). Suppose that, for any a£ R, k{a) > ^- Define 



To:=infJt>0|XtG |J hA, 
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then 

Tq = +00 a.s. 

The proof of Proposition 6 leads to 

Corollary 13. Let (X^)t>o be the radial Dunkl process, such that Xq e C a.s., with extended generator 
given by (5). Suppose that for any aE R k{a) > i. Then is the unique solution to the stochastic integral 
equation 

Xt=Xo+l3t+ f Vlogdfc(X,)ds, 
Jo 

where {Pt)t>o is a Brownian motion in M" and tik is given by (8). This solution is strong in the sense of 
([12], IV). " 

Denote :=P(Xo^ e then X^ is a unique solution to the C(7[0,oo) martingale problem 
where £^ is the restriction of on (C) . 

Suppose now that there exists a G R such that k{a) < ^ and consider the radial Dunkl process. The 
preceding results extend to this case if one works till Tq - the first time the process hits the walls of the 
Weyl chamber. Loosely speaking, here, Tq is considered as if it were an "explosion time." One gets the 
following corollary. 

Corollary 14. Let {X^)t>a be the radial Dunkl process, such that Xo e C a.s., with extended generator 
given by (5). Suppose that there exists a £ R such that k{a) < i. Let Tq be defined by (9). Then {X^ , t < Tq) 
is the unique solution to the stochastic integral equation 

Xt=Xo+/3t+ / Vlogdfc(X,)ds, t<To, 
Jo 

where {Pt)t>o is a Brownian motion in and jA^ is given by (8). This solution is strong in the sense of 
([12], IV). " 

Proof. Is analogous to the proof of Lemma 11 and Proposition 6. □ 

Remark 15. One can show that the result of Corollary I4 is true for t>0 and X^ "reflects instantly" 
when it reaches dC (see [3]). 



5. Skew-product decomposition of jumps 

Let X be a Dimkl process, 7r:M" ^ C be given by (4). Since X is cadlag and ti{X) is continuous it will be 
useful to introduce the space D^„ [0,oo) defined by 

DJ„ [0, 00) := {uj e Dk^ [0, 00) I tt o w e C^rp, 00)}. (20) 

Let £■ := M"\ U„gi^ ■ Denote 

D^[0,oo) :={weDB[0,oo) |7roweCc[0,cx))}. 

We will say that X is a solution of the DJ;[0,cx)) (D|„[0,c>d)) martingale problem {A,v) if X is a process 
with sample paths in D^[0,oo) (D]J„[0,oo)) and X is a solution of the D£;[0,cx)) (Drti[0,oo)) martingale 
problem {A, v). 
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Let A > and a e R+. Let V{A) C Cf (i;) and n{A) C C^(E). Suppose that for any u e V{W) there 
exists X - a, solution of the D|„ [0, oo) martingale problem for (A, ly). We will need the following construction 
from ([5], p. 256). Let f2 = Y[T=i(^^"\'^''^) ^ [0,oo)) and {Xk,Ak) denote the coordinate random variables. 
Define Gk = T{Xi,Ai: I < k) and = T{XuAi: I > k). Then there is a probability distribution on Q 
such that for each k Xk is a solution of the D]J„[0,oo) martingale problem for A, Ak is independent of 
. . . , Xfc, Z\i, . . . , Z\fc_i) and exponentially distributed with parameter A, and for Ai G Gk and A2 G 

F{Ai n A2) =E(U,P[A2|Xfe+i(0) = a^iXkiAk))]) (21) 

and P(Xi(0) e •) = '^{■)- Define ro = 0, = J2t=i and iV* = fc for Tk<t< Tk+i. Note that is a Poisson 
process with parameter A. Define 

Y{t)^Xk+lit-Tk), Tk<t<Tk+l, (22) 

and J^t ■.= TYy T^. 

Notation 16. We will denote Y in (22) by X N. 

Lemma 17. Let'D{A) C C'^{E) and TZ{A) C {E) . Suppose that for any i' £V{E) there exists a solution 
X of the D^[0,oo) martingale problem {A, v). Then for any v € V^E) there exists a Poisson process N with 
parameter A such that Y = X *a N , where *a is defined by (22), is a solution of the D^[0,oo) martingale 
problem {A\.a, v), where for any u £ 'D(A) and x £ E 

A\^au{x) = Au{x) + X{u{aax) — u{x)). 
Furthermore if for any u £ 'D{A) and x e E 

A{uo aa){x) = Au{aa{x)), (23) 
then there exists a solution of {Ax^ai^) given by 

{Yt)t>o--=K'Xt\^„ 
where N is a Poisson process with parameter A independent of X . 

Proof. We follow the proof of Proposition 10.2 in ( [5] , p. 256) . Since E is not complete one shall consider the 
D5„[0,oo) martingale problem {A,v). For any v G V{W) let X^ be such that V{Xo G •) = t'(-)- ^ ^{E) = 0, 
then Xt := Xq, for any t > 0, is a solution of the Dg„[0,oo) martingale problem {A^v). If ^{E) > and 
{Xt)t>a is a solution of the D^[0,oo) martingale problem {A,iy) with D{-) = /i>{E), 1? £V{E)^ then 
Xt := Xtl^x^fzE} ~^ -Xo^iXatE] ^ solution of the Dg„[0,oo) martingale problem {A,v). Taking n{x,-) = 
Sa^{x){') and using Proposition 10.2 in ([5], p. 256) one obtains that Y ^ X *a N is a solution of the 
DRn[0,oo) martingale problem {A\.a,i^)- Let i> = 1/ £ 'P{E), then X = X is a solution of the D|;[0,oo) 
martingale problem (Ayiy). Furthermore, from (21) 




f]{Xk+iiO)^aa,iXk{Akm]=l 

k>l J 



\^{Y{Tk)=a^{Y{Tk-))}\=\. 
\fc>i / 
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Hence 



{f]{n{Y{n))^n{Y{n-))}\=l. 

\k>l / 



Since Xk has paths m D|;[0,oo) for any k>l tt{Y) is a.s. continuous and y is a process with sample paths 
in D£;[0,oo). Hence F is a solution of the D^[0,oo) martingale problem {A\^ait^)- 

Suppose now that (23) is true. Let be a Poisson process independent of X and := inf{s > | A^,, = k}. 
Let Yt = a^'Xt. Note that for any u g C^iE) 

:= uiXt) - u{Xo) - / AuiX,) ds 
Jo 

is a (jFj-''^) -martingale. 

Since (Ti)i>o are independent from A/", for any fc > 

/■(tVr2fc)AT2fc + i 

u{X{{tVT2k)/\T2k+l))-u{X{T2k))- ds (24) 

J T2k 

is a (jFt) -martingale. From (23) 

/•(tVT2fc + l)Ar2fc + 2 

u{aaX{{tV T2k+i) ^T2k+2)) -u{aaX{T2k+i)) - Au{aaXs)ds (25) 

■'■''2(1+1 

is a (J^t)-martingale. Summing (24) and (25) over k one gets that 



u{a^^X,) - u{Xo) - / Auia^^X,) ds - ^(^(a^^X^J - u{a^M) (26) 
•^0 k=l 

is a (J-i) -martingale. But 
t 

{u{<Jo,Ys-)-u{Ys-))d{Ns~Xs) (27) 



also is a (jFj) -martingale. Note that since N is independent of X 



f {u{a^Ys_) - u{Ys-))dN,=Y,{u{a^Yr,)-u{Y^J). 
•^0 k=l 

Adding (26) and (27) and noting that: u'^Xt^. ^Yt-^^, one gets that 
u{Yt) - u{Xq) - ( j Au{Ys)ds + \f {u{aaXs)-u{Y,))ds 



is a (jFt)-martingale. □ 

Lemma 18. Suppose that k:R^ [i, -l-oo) is a W -invariant multiplicity function, l:R^\Q, +oo), and for 
any ueC^iE), x£E 



A.iM x =77Au x + V k{a) + V l{a) 



uiUaX) — u(x) 



Let TT : E C be defined by (4-)- For any v ^ V{E), if there exists a solution of the D^[0, oo) martingale 
problem [Ck^uv), then it is unique. 
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Proof. Let X be a solution of the D|;[0, oo) martingale problem {Ck.i,v). Let us fix a Weyl chamber C 
and a projection tt-.E^C, defined by (4). Denote Yt :— ^{Xt), then taking functions u G C^{E) such that 
u{iJax) = u{x) for any a €z R and x € E one sees that u{X.) = u{Y.) and 

uiYt)-uiYo)- f C^u{Y,)ds 
Jo 

is a martingale. Hence, from the results in the previous section F is a unique solution of the Cc[0,oo) 
martingale problem (£^,z>), where = z/(7r~^(-)), i.e. F is a radial Dunkl process. Define 

B,n ■= [J w{Cm), 

where C,„ is defined by (f4) and T,„ := inf{s > 0\Xs ^ -B,™ or Xg^ ^ Bm}. Since Xg ^ B,n Yg ^ C„i and 
Y is a.s. continuous 



T„i = inf{.s > I Ys ^ C*™} ^ oo as m ^ cx) a.s. (28) 

and for any t > and m sufficiently large, such that Xq G Cm, 

XtAT^€Cm. (29) 

As in the proof of Proposition 6 there exist bounded functions gm G C°°(R"), e C°°(]R"), such that 
gm = logcdfc on Bm+i and = on ]R"\i?m+2, where dfc is defined by (8), and for any a G i? fa,m{x) = (j:^ 
for X G -Bm+i and = on R"\i?m+2- For any u G C^(M"), define by 



A,nu{x) = ^Au{x) + {\/u{x) -S/gmix)) + ^ /(«)/«, m(a:;)(u(o-Qa::) - u(a;)). 



+ 



By Theorem 3.3 in ([5], p. 379) for any i/ G ViE) the Dr7i[0,oo) martingale problem {Am,'^) is well-posed. 
By Theorem 6.1 in ([5], p. 216) the stopped DRre[0,c») martingale problem {Am,i^, Bm) is well-posed. Since 
for any u G C|^(]R"), x G B,n+i Amu{x) ~ Ck,iu{x) and using (29), Xat„ is a solution of the stopped 
Drii[0,c») martingale problem {Am,v,Bm)- Hence, the distribution of (^tAT„, )t>o is uniquely determined. 
Using (28) one obtains that the distribution of {Xt)t>o is uniquely determined. □ 

Suppose that i? = {±ai, ±a2, . . . , ±am}, R+ ~ {ai,a2, ■ ■ ■ ,am\- For any i = l,...,m define W = 
{±ai, ±a2, . . . , iaj, R\ = {ai,a2, aj, i?° = i?° = 0. 

Theorem 19. Let X he the Dunkl process, with extended generator given by (2), such that Xq = x E E a.s. 
and X^ - its radial part. Suppose that for any a G R+, k{a) > ^. 

(i) For i — 1, . . . ,m there exist Poisson processes N'^ with intensity k{ai) respectively and processes Y^ , 
defined recursively by 

Y^:=XY 



f;, iv\ (30) 

where 

.;:=inf{.>0|A:>O (31) 
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and 

Jo \'^s ■ OLi) 

such that for any t>Q A\< +oo a.s., < +oo a.s., A\^^ < +oo a.s., fl^^ < +oo a.s., and {Xt)t>o == 
{Y"^)t>Q, i.e. Y™ is a Dunkl process with extended generator given by (2). 

(ii) For any i ~ 0, . . . ,m is a Markov process with extended generator , such that for any u e C'^(E) 

/ X 1 ^ / N w sVit(a;)-a v-^ ,u(aax) — u(x) ,„„, 

ghtix) = -Au{x) + ^ fc(a) ^ + J2 M«) " : .2 ■ (33) 

(iii) If for some i ^ 1, . . . ,m 

a^^{R'-') = W-\ (34) 
then can he given by 



' t 



Jo 



Yr\ (35) 



i-1 



where iV* is a Poisson process with intensity k{ai) independent from Y 

Remark 20. Let k{a) > ^ for any a G R-^. Fix a Weyl chamber C and x ^ C and suppose that = x 
a.s. From the previous section we now that Xj^ G C for any t > a.s. Let Y^ , i = 0, . . . ,m be defined by 
Theorem 19. Then Y^ g Ci for any t > a.s., where Ci are defined recursively as follows: 

Co = C, 

a+i=C,UfT„.(a) (36) 
and Cm =]R". 



Remark 21. The decomposition (30) depends on the way one enumerates the elements of R. Different 
enumerations lead to different skew-product decompositions of the Dunkl process. 

Remark 22. One has cra„(i?™-i) = R"'-^ and a^AR^) = R° ■ Therefore Y^ and F™ can always be taken 
in the form (35). 

Remark 23. There is some analogy between this decomposition and the skew-product decomposition of 
Brownian motion on the n-dimensional sphere in terms of the Legendre processes and Brownian motion 
on {n — 1) -dimensional sphere in ([11], 7.15): one can iterate the skew-product decomposition of Brownian 
motion on n-dimensional sphere in order to get Brownian motion on (n — 2) -dimensional sphere, then 
Brownian motion on {n — 3) -dimensional sphere, etc. 

Example 24- Take R~ B2 and R+ = {ai, . . . ,ai\, where ai :~ ei — 62, 02 := ei + 62, as ei, := 62, 
and C = {x ~ [xi, X2) G | X2 > and xi > X2}. Then the condition (34) is true for z = 1, . . . , 4 and we 
obtain the skew-product decomposition (35). 

Example 25. The condition (34) is not always satisfied. As a counterexample one can take i? = A2. 

Proof of Theorem 19. The proof is done by induction. Let us fix a Weyl chamber C oi W and consider 
X^ - the radial part of the Dunkl process. For any x E E there is one and only one Wx €W such that 
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Wx{x) e C . Define X"^ started at a; G -E by Wx{X^), where is the radial part of Dunkl process started 

at Wxix). One can see that the extended radial part is a Feller process on E which is a.s. continuous 
with extended generator given by, 

CYu{x) = -^u{x)^ fc(«) J,^ , (37) 

aG-R+ 

(u G C'^{E)). Note also that 7r(X^) is a.s. continuous. Let be the law of X^ on C£;[0,oo). For any 
I' € V{E), let Pi, be the law on C£;[0,oo) given by 



Je 



Then the process X^ with the law P,, is a solution of the D^[0,oo) martingale problem (G^,!^) (in order 
to recover the radial Dunkl process X^ started at x S C, one poses f = 6x)- By Lemma 18 this solution is 
unique. Furthermore X^ is a Markov process. 

For any iy£P{E) let Y^~^ be the unique solution of the D^[0,cx)) martingale problem {Q^~^,i^). Since 
the paths of Y^~^ are in D|;[0,oo) the process log(Q;j • Y^~^)'^ is cadlag in R. Therefore, for any t > 
log(aj • Y^~^)^ is uniformly bounded on [0,t] and {aj ■ Y^~^)'^ is uniformly bounded from zero on [0,t]. 
Hence 

Ai^^ = / < +00 a.s. 



Next 



io (Yr'-a,)^ -2 Jo i|yr'i|2' 

But from (33) for any / G Cf ((0, +oo)) denoting rjt :== \\Y/^^f 



is a martingale. Since r] is the square of an (n + 27) -dimensional Bessel process (started at 770 with the law 
^) 

* 1 . 

— ds^oo, ast^oo a.s. 

Vs 

Hence Ai~^ — > 00, as t — > 00, and ^ < +00 a.s. Finally f."' ^ is a.s. strictly increasing continuous time- 
change with inverse A!^^ . As in ([22], p. 168) for any li G C^{E) 

M^:^u{Y^-u{Yr')- ^(yJ:^«,)V-^^^(l^;)ds (38) 



is a local martingale. Since (M")t>o is a.s. bounded on bounded time intervals it is a martingale. Hence, 
Y^^_X is a solution of the D|;[0,oo) martingale problem ((• • aj)'^Q^~^,iy). Next by Lemma 17 there exists 

a Poisson process A^-^ with intensity k{aj) such that the process =Y^jl\ is a solution of the 

D^[0,oo) martingale problem {A^,iy), where for any uE C^{E) 



A-'u{x) ~ {x ■ aj)'^Q^ ^u{x) + k{aj){u{(TajX) — u{x)). 
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Note that (/g (aj • Z^)^ ds) t>o is an a.s. strictly increasing, finite, continuous time-change. Let r := 
hnif^+oo Joi^j ' ^s)^ ds. For any t <f, define r(i) as a unique solution of 



t= I {a,-Zifd.s. 



Then 

d 



— T(t) = : 



Define now := Z-!^^^^ for t <t. Then 



{a.-Yir' 



r(t) < +00 for any t < t and r(t) +00, as t ^ t. Hence, there exists a sequence {t„} C (0,t), such that 
r„ ^ f and (0;^ • i^^J^ ^ 0, as n ^ +00. Since for any u G C^{E) 

u{Zl) - u{Z^ - fiiZi ■ a,fg^-^u{Zi) + k{a,){u{a^^Zi) - u{Zr)))ds 
Jo 

is a martingale, as for (38), 

u{Y^) - u{Y^) - [\g'-'u{Y[) + k{a,){Y^ ■ a,)-\u{a^Y^) - u{Yi)))ds, t < f, 
Jo 

is a martingale. Denote Y^ := 7r(F^ ), then for any u £ C^{C) 
u{Y^) - u{Y^) - f CfuiYr") ds, t < f. 



is a martingale. This shows that Y^ is a radial Dunkl process up to time f . Since {aj ■ Y^^)'^ 0, as 
n +00, lim„^4_oo Y^ ^ C and for any a £ R+ k{a) >\,hy the results of the previous section r„ — > 00 
a.s. and f = +00 a.s. Hence 

ds 

+00, as t — * +00 



[arYif 

and for any t>Q Al < +00, < +00 a.s. Furthermore Y^ is a solution of D^[0,oo) martingale problem 
{Q^,v). Now by Lemma 18 the D|;[0,oo) martingale problem {Q^ ^v) is well-posed. Since the D|.[0,oo) 
martingale problem {Q^ ^v) is well-posed for any v £ V{E), by the same argument as in Theorem 4.2(a) in 
([5], p. 184), Y^ is a Markov process. 

Finally when j ~ m one obtains that is the unique solution of the D^[0,oo) martingale problem 
{g"\i^), but for any u £ (£:) 

Therefore Y™ is a Dunkl process. 

In order to get (iii) note that from (34) for any u £ CJ^(£') and x £ E 
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and by Lemma 17 one can take = Z' , where — /g (a^ • Z])^ ds and 

where iV* is a Poisson process with intensity k{ai) independent from K-V^ (hence, independent from 
But 

{aa,x ■ tti)^ = ((tti • x) - (a,; • • ai) f = {x ■ a^)^ 

and 

ri = I {a,- Zlf ds= f (a, • Y!-\f ds. (39) 
Jo Jo "^^ 

FinaUy differentiating the equahty 
one gets that 



dt ' 

and from (39) r' =t'^^. Hence, 

From Theorem 19 if (34) and (40) hold for some j we can deduce the foUowing relationship between the 
semigroups of and Y^^^. 

Proposition 26. Under the conditions of Theorem 19 suppose that for a certain j (34) holds. Fix a Weyl 
chamber C. Let Yq € C a.s., then Y^~^ e Cj-i '^^'^ ^ 0/ where [Ci) are defined by {36). Suppose 

that Pl~^ [x,dy) and Pi (x^dy) are the semi-groups ofY^^^ andY^ respectively, and 

Q_ina„^(Q_i) = 0, (40) 

then for any x,y Cj-i 

Pr\x,dy)=Pi{x,dy)+Pl{x,ao.^{dy)). (41) 
Proof. By Remark 20 

Q ~ Q-l ^ (Cj-l)- 

For any bounded measurable / : Cj_i ^ M define g : Cj ^ R such that for any x S Cj 

g{x) f{x)l{^i.c,-i} + f{<^a,{x))l{:,ea^^{C,-i)}, 

then for any x e Cj_i 

^.9{Y^)= I f{y)Pi{xAy)+ I f{a^^{y))Pi{xAy) 

/(y)(F/(a;,dy) +P/(x,a„^.(dy))). (42) 
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On the other hand 

E,5(r/)-]E,/(r/-i)= / fiy)Pr\x,dy). (43) 

Comparing (42) and (43) one obtams (41). □ 

Using Lemma 18 and the analog of Theorem 19 (one should change k to k' in the proper places) one 
can introduce a slightly more general class of Markov processes than Dunkl processes - the (A:, fc')-Dunkl 
processes. These processes are introduced in dimension 1 in [10] and in general dimensions in [7] (see also 
[15]) and are two parameter analogs of Dimkl processes. They are characterized by their extended generator, 
for any itG C^(£'), 

/ N 1a / X ■^-^ ,/ xVw(x)-a v-^ ,,, . uix) — uia ax) ,,,, 
Ck,yu{x) ^ -^u{x) -V k{a)^^ ^ k'{a)^ (44) 

aeR+ aeR+ ^ ' 

where k: R—^ [i, oo) and k' : R [0, oo) are two multiplicity functions invariant by the finite reflection group 
W associated with R. The rest of the notations is the same as in (2). Denote such processes by X^'^''^ It is 
simple to see that the radial part of X"^ = n{X^''''' )) is the same as for the Dunkl process X^''\ Note that 
by Lemma 18 X'^'^''^ \ started at x G is a unique solution of the D^[0,oo) martingale problem {Ck.k'T^x)- 
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